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Abstract 

The so called " Principle of the self-consistency" for space-time models with causality viola- 
tion, which was firstly formulated by I.D.Novikov, is discussed for the test particle motion and 
for test scalar field. It is shown that the constraints, which provide the self-concistensy of test 
particle motion have pure geometrical (topological) nature. So, the recent statement that "The 
Principle of self-consistcnsy is a consiquence of the Principle of minimal action" is wrong. 
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1 Introduction 



In the recent years the big attention were paid to the space-time models with closed time-like curves 
(causality violation) [|J|-[13|. As a rule the most authors try to find physical laws which may forbid 
the creation of closed time-like curve and the existence of such models ||-[[ll]]. The declarations 
that in the vicinity of closed time-like curves standard methods of differential geometry and general 
relativity do not work [^] as well as statements about inconsistency of physics in the presence of 
time machine [13] were made also. The alternative declarations were made also. In particular, as it 
was pointed out in Q, events on closed time- like curves should causally influence each other along 
the loops in time in a self-adjusted, consistent way. This requirement was originally formulated as 
the "Principle of self-consistency" according to which the Cauchy data for space-time models with 
causality violation must be completed by additional self-consistency conditions [^. The particular 
form of such conditions for test particle in the simple non-causal space-time model was analyzed 
recently in fi~4[| . 

The impossibility of time machine creation as a result of some dynamical process was shown 



recently in fl5[| -[16|. In particular, it was shown that in according with theorems about global hyper- 
bolicity and Cauchy problem (T^]-|l9[ the models with causality violation could not be considered 
as the result of dynamical evolution of some initial space-like configuration and must be considered 
as a solution of some boundary problem. It was pointed out also that the so called "principles of 
self-consistency" Q follows directly from the definition of fields on space-time. Nevertheless in pa- 
per [|l4j] it was declared that the so called "principles of self-consistency" is the direct consequence 
of the principle of minimal action. By this reason in this note we analyse in details the same 
model of the test particle in non-causal space-time which was considered in [|i~4[ |. The next section 
contains the brief description of the model, and in the section 3 the role of the constraints and the 
action principle (equations of motion) is analyzed. It will be shown that the conditions, which were 
initially called in [Q] as the "principles of self-consistency", are really the constraints which follow 
from the geometry of the model. This result confirm both our previous notions H]-@| and the 
statement of [14] that the "principles of self-consistency" is not independent assumption. It shows 
also that the statement of |l4j that "the "principles of self-consistency" is the direct consequence of 
the principle of minimal action" is wrong. The constraints equations for test scalar field are briefly 
considered in section 4. The last section contains some concluding remarks. 



2 The model for the test particle 

Following to ]l4|] we consider the non-relativistic motion of self-interacting test particle of mass 
m in the background with a wormhole "time machine". The exterior space-time is supposed to 
be Minkowskian and the sizes of the wormhole mouths are negligibly small (point-like mouths' 
approximation) and at rest in some reference frame. For definiteness, we shell assume that the 
mouths of the wormhole in the exterior space-time have coordinates (t, 7^4) and (t + r,fg), where 
r = r(i) > and r(i) > Tb — r a for t\ < t < £2- So, the region t\ < t < t2 + Tfa) of the exterior 
space-time contains the paths of closed time-like or null curves which violate causality (we use 
geometric units where c = 1). 

As in [jnf l, the following particle's motion will be considered. The particle starts at time ti in the 
position fi, enters to the mouth (B) of the wormhole at time t+r(t) (position re), wheret > t±, exits 
from the other mouth (A) at the earlier time t (position ta) and finally ends its trajectory at time 
tf in the position ff. The path length of the wormhole handle is assumed to be infinitely short, so 
the motion through the wormhole in the proper time of the particle happens almost simultaneously. 
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According to an external observer, instead, the particle traversing the time machine travels back in 
time by the amount At = —r(t) where by definition r(i) > and f (t) > tb — by assumption^]. 
For simplicity, the motion with the only self-intersection of the particle world line in the point with 
coordinates (to, To) wm be considered in the following. 



3 Self-consistency conditions and the principle of minimal action 

Consider the region of exterior Minkowskian space-time with t < t <t + r(t). The world line of the 
particle may be considered in this region as two world lines of two copies of the same particle with 
positions f\{£) and r*2(i). Both particles may be considered as independent objects which interact 
by means of potential V of special type. The motion of such system is described by the action 
(term Si 2 in equation (4) of |i~4| 1) 

t+T 

t 

The standard variation of S with respect to f\(t) and r*2(i) gives the motion equations for both 
particles (eqns. (6) of |i~4|| ). 

The geometry of the model imposes some additional limitations on the possible motion. Namely, 
the entrance of the particle into mouth B and its exit from A may be written formally as (eqns. 
(3) of 0) 

r 1 (t + T(t))=r B (2) 



r 2 (t) = t a (3) 
and the self-intersection of the particle world line has the form (eqns. (14) of fj~i|]) 

ri(t ) =r 2 (t ) = f (4) 

In [14] an exact solution of the motion equations, which correspond to the action (|l|), with 
the constraints (§)-@ was obtained. It was stated that the existence of such solution, which 
minimize the action functional, shows that the "Principle of self-consistency" is a consequence of 
the " Principle of minimal action" |14| . 

Let's analyse this statement in more details. To this end consider the constraint equations 
(||)-(||). The condition (Q) states that particle fall down into wormhole at some time t + r(t) 
independently from the previous history and the condition (^) states that the world line (t, r^(t)) 
is the continuation of the world line of the same particle. Therefore according to the constraints 
(H)-(||) the points (t,fi(t)) and (t, rb(£)) are the points of different paths of the world line of 
the same particle. By the same reason the point (ioj^i(^o)) = (*o>^2(*o)) = (to,ro) is the self- 
intersection point of the same particle world line. Moreover, conditions @-(f|) state also, that the 
self-intersection of the particle's world line does not prevent its passing through the time machine. 



Hence, the conditions (|2|)-(||) prevent the appearance of the so-called "Polchinski paradox" [ 13 1 or 
the "grandmother paradox" which are usually associated with the existence of the time machine. 

So, the self-consistency of the solution (the absence of some "paradoxes") is provided not by the 
"Principle of minimal action" , but by the constraint equations (§)-(H)- The geometrical (to be more 

1 The last condition (r > Tb — ta) was not mentiond injl^], but it is the necessary condition for the existence of 
the closed time-like curves. 
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precise, topological) nature of these equations is obvious. By this reason, namely the constraints 
(H)-(||) may be naturally called as the "self-consistency" conditions. 

Of cause, the constraints (^)-(Q) are closely connected with the motion equations. Namely, 
the number of the particle's entrance into the time machine, the existence and number of self- 
intersections of its world line, as well as the exact values of the parameters t, to an d rb for every 
self-intersection are the subject of the motion equation. But if the world line of the particle has 
self-intersection, the local solution of the motion equations near each point of self-intersection must 
satisfy to the constraints ©-(H) or their generalization. 



4 Test scalar field in non-causal two dimensional space-time 

For the sake of simplicity, consider the test scalar field ip in the following two-dimensional space- 
time model. As above, the exterior space-time will be assumed to be flat Minkowskian space with 
coordinates (t, x) and the wormhole connects the points with coordinates (t, 0) and (t + r, I), where 
r, I are some constants. The length of the wormhole is supposed to be infinitesimally small. So, 
the condition of causality violation is r > I. 

In the exterior space-time of such model scalar field <p satisfies to the usual wave equation 

ftt ~ fxx = (5) 

with constraint 

(p(t,0)=<p(t + r,l) = u{t) (6) 

It is easy to see that these constraint in general cannot be reduced to the standard boundary 
conditions for wave equation in spatially bounded region even in the models without causality 
violation. 

The exact solutions of the equations (JsJ) with constraint (||) may be easily found using the 
standard separation of variables in two particular cases: 

(1) u(t) = 0. In this case the interior and exterior solutions are independent as well as the 
solutions in the regions x < 0, < x < I, and x > I. 

(2) r = 2irn, where n > 1/{2it) in the causality violation case. In this case solution of the 
problem (|5])-(||) coincides with the well known solution of (|5|) with boundaries conditions 

<p(t,0) = <p(t,l)=u(t) 

Consideration of the problem (H)-© in the general case as well as the consideration of the 
finite length of the wormhole is the subject of separate paper. Nevertheless, it may be shown that 
nontrivial solutions exist only if parameters t and I satisfy to some constraint. 



5 Discussion 



So, we have considered the problem of self-consistency for the motion of classical test particle and 
classical test scalar field in the space-time with Lorentzian wormhole, which violate causality. It 
was shown, that in the case of the test particle the self-consistency of the solution (the absence 
of some "paradoxes") is provided not by the "Principle of minimal action" as it was stated in 
1 14], but by the constraint equations ©-(1]). By this reason, namely the constraints may 
be naturally called as the "self-consistency" conditions in the test particle case. For test scalar 
field the self-consistency of the solution is provided by the constraints (||). It is obvious that these 
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constraints have geometrical (to be more exact, topological) nature: in the case of test particle the 
constraints (^)-(Q) follow from the definition of the line on manifold and the constraints @ are the 
part of the definition of function on manifold. 

Of cause, the above result does not mean that the "self-consistency" conditions have no con- 
nection with the action principle. The constraints (]2])-(||) and (||) contain parameters whose values 
depend from the motion and field equations. Namely, the particle's entrance into the time machine 
and the existence of self-intersection of its world line, as well as the exact values of the parameters 
t, to and T^o are the subject of the motion equation. But if the world line of the particle has 
self-intersection, the local solution of the motion equations near the point of self-intersection must 
satisfy to the constraints (||)-(|^) or their generalization. Similarly, for the test scalar field parame- 
ters r and I (more generally, r, XA{t) and xs(t-)-r)) are connected by the equation (||). Additional 
restriction on the parameters appears in the quantum case, whose detailed consideration as well as 
the consideration of more general models, is the subject of separate paper. 
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